Abstract. The pressure dependence of the Mott, spin-density-wave and superconducting instabilities of the metallic state of the Bechgaard and Fabre salts is analyzed using weak coupling scaling theory. We show how the mechanism of quantum interference between pairings in the density-wave and superconducting channels, when combined to the influence of intrachain Umklapp scattering and inter-chain hopping under pressure, can play an essential role in the sequence of instabilities for these quasi-one dimensional metals under pressure.
INTRODUCTION
In the global phase diagram of the Bechgaard and Fabre salts, [1] the Mott insulating phase followed by the spin-density-wave and the superconducting states under hydrostatic or chemical pressure are known to form a particular sequence of instabilities of the metallic state of these compounds. The first part of the sequence associated with the Fabre salts (TMTTF) 2 X (X = PF 6 , Br, ...) refers back to the early resistivity measurements of Coulon et al. [2] , which revealed an instability of the metallic state associated to an upturn in resistivity at a temperature scale usually noted T ρ . At ambient pressure, this metal-insulator instability turns out to occur in a temperature range an order of magnitude larger than the one related to the spin-Peierls (SP) and antiferromagnetic (AF) long-range orders (Figure 1 ). At variance with ordinary semiconductors, only charge degrees of freedom are thermally activated below T ρ whereas spin excitations remain gapless, a feature typical of a Mott insulator. A glance at the different energy scales of the band structure in these materials further indicates that the charge gap ∆ ρ for the carriers far exceeds the scale t ⊥ for the highest transverse overlap integral, a difference that is ascribed to the one-dimensional character of the Mott insulator. [3] Under pressure, T ρ is uniformly decreasing and ultimately merges with the critical behavior associated with the spin-density-wave (SDW) phase transition at T SDW , where the quasi-one dimensionality of the instability takes place. In this pressure range, the properties of the Fabre salts become very similar to those of the Bechgaard salts series (TMTSF) 2 X (X = PF 6 , ...) at low pressure. For both series of materials, the SDW state becomes in turn unstable and superconductivity (SC) is finally found beyond some critical pressure P c which value is known to depend on chemical constituents (organic molecule and anion X).
This sequence of instabilities stands out as a key structure of the T, P phase diagram and takes on particular importance in the description of these organic compounds. In this short report, we shall present an extension of a previous work based on scaling theory, [4] and discuss the role of intrachain Coulomb interactions including Umklapp scattering at half-filling and the quasi-one dimensional electronic structure in regard to the origin of the whole sequence of instabilities. 
SCALING RESULTS FOR THE ELECTRON GAS MODEL WITH INTERCHAIN HOPPING
It is of interest to recall the fitness of the well established predictions of the one-dimensional electrongas model in regard to the type of correlations contained in the phase diagram of Fig.1 . In this model, the rotationally invariant electron-electron interaction is parametrized by the intra-chain coupling constants g 1 , g 2 and g 3 (here normalized by πv F ), corresponding to backward, forward and -half-filling -Umklapp scattering processes respectively, for which the bare values can be fixed by experiments. Magnetic susceptibility data for example show that g 1 is sizable and located in the repulsive sector (g 1 > 0), [5] whereas the electronic compressibility is also compatible with a positive g 2 . The combined influence of a small dimerization of the organic stacks and the anion sublattice leads to a small and positive value of g 3 that turns out to be quite sensitive to hydrostatic pressure or chemical substitution (sulfur, selenium, or anion X). [3] In the case where all the couplings are positive, the compounds would be located on the right-hand-side of the separatrix in the phase diagram of Fig. 2 . In these conditions, a finite and positive g 3 leads to the existence of a gap ∆ ρ for the charges, leaving the spins unaffected. Antiferromagnetic (AF) correlations represent the most singular correlations at the wave vector 2k F , coming with subdominant 2k F bond-order-wave (BOW) correlations. In the latter case, BOW correlations can drive a lattice instability of the spin-Peierls type through their coupling to phonons. [6] When compared to Fig.1 , the model is found, despite its simplicity, to be rather generic of key correlations contained in the actual phase diagram of sulfur compounds at low pressure. In order to achieve true long-range order at finite temperature, interchain couplings must be taken into account (in the case of charge ordering (CO) transition, [7, 8] other Umklapp processes linked to underlying commensurability effects at quarter-filling must be included [9] ). These key features of the one-dimensional theory are captured by scaling theory, [10] which at the lowest one-loop level yields the 1D flow equations 
where the scaling parameter = ln(E F /T ) is related to temperature. These equations follow from a loop expansion in the electron-electron (Cooper) and the 2k F electron-hole (Peierls) scattering channels which are both logarithmically singular in one dimension. Owing to point-like Fermi surface in one dimension, these two channels strongly interfere giving rise to many cancellations. Thanks to this quantum mechanical effect, the flow of g 1 coupling related to spin degrees of freedom, becomes decoupled from the 2g 2 − g 1 and g 3 ones related to charge -a feature known as spin-charge separation in one dimension. The charge couplings become singular at ρ = ln(E F /T ρ ), which is not so much indicative of a phase transition as the crossover to a Mott insulating behavior at the temperature scale T ρ . Under pressure, the smooth decrease of input values g 1,2,3 , resulting from an increase of the bandwidth and a gradual suppression of dimerization, leads to the monotonic decrease of the Mott temperature scale T ρ . This one-dimensional picture obtained for zero interchain hopping t ⊥ fits well the experimental situation of (TMTTF) 2 X compounds at high temperature (Fig.1) . It cannot account, however, for the crossover from the Mott insulator to the SDW state when pressure is applied and for which a finite t ⊥ is essential. By restoring the full dependence of the Cooper and Peierls loops on t ⊥ , the above scaling theory can be generalized to the case of a quasi-one dimensional electronic structure. Thus for a finite wrapping of the Fermi surface, the interference between the Cooper and Peierls instabilities in the backward and forward scattering amplitudes is weakened with respect to the purely 1D case and various contributions do not completely cancel out as we move along the Fermi surface. [4] Non-uniform interference will therefore generate a flow of scattering amplitudes for the carriers that acquires a dependence on their transverse momenta. A useful way to obtain the extension of (1) to the N ⊥ chains case where t ⊥ 0 is to first express the interacting part of the electron gas Hamiltonian in terms of the relevant density-wave composite fields at half-filling [11] 
where the composite O 
Following the renormalization group procedure described in [4] , the successive integration of electron degrees of freedom leads to the following flow equations for the density wave amplitudes
where Wμ =0 = −(g 1 +g 2 )/2 and Wμ 0 = −(g 2 −g 1 )/2 come from the contractions in the singlet and triplet Cooper channels respectively, with the constants c 0,0 = −1/2,c 0,μ 0 = 1/2 andc µ 0,0 = 1/2,c µ 0,μ 0 = 1/6. The derivative at finite temperature (β = 1/T ) of the Peierls loop with respect to the scaling parameter is
and its counterpart I C = tanh[βE F ( )/2] in the Cooper channel, where E F ( ) = E F e − . Here
where small hopping to the second nearest-neighbor chains t ⊥2 t ⊥ (nesting frustration) has been included to the one-electron spectrum of the model. The above generalization of the flow equations is in weak coupling for the interactions but is of infinite order for the transverse hopping integrals.
One can simulate the effect of pressure on the singularities of the coupling constants when E F (or πv F ) and t ⊥ slowly increase, while g 3 decreases. In practice, one can start the scaling procedure for the generic compound (TMTTF) 2 PF 6 at P = 1bar at the left hand side of the phase diagram by using the set of physical parameters given by g 3 ≈ 0.2, g 1,2 1.3, t ⊥ /E F 1/15 and E F = 1500K. [12, 13] Thus at 1 bar, strong coupling occurs in the charge couplings g 1 − 2g 2 and g 3 only and at essentially the same value of T ρ (∼ 10 2 )K that was found previously from (1) in the 1D Mott situation at t ⊥ = 0. However, a finite value of t ⊥ introduces a small but noticeable k ⊥ dependence of the coupling constants, which for this model leads to a small dip at k ⊥ = ±π/2, a dependence that will carry over from the couplings to the Mott gap ∆ ρ (k ⊥ ) which will develop a similar k ⊥ dependence. Parametrizing the effect of pressure by taking δ ln g 1,2 /δP ≈ −1.2%/kbar, δ ln g 3 /δP ≈ −6%/kbar, and δt ⊥ /δP ≈ 1.8K/kbar (t ⊥ ≈ 110K + 1.8P), T ρ undergoes a monotonic decrease that is essentially due to the weakening of Umklapp term. As this continues, the value of t ⊥ (here taken for simplicity as unrenormalized) emerges above ∆ ρ ∼ 2T ρ , which also signals the onset of transverse one-particle coherence in the metallic state. This corresponds to an instability of the metal towards the formation of a spin-density-wave modulation of wave vector Q 0 = (2k F , π) at the temperature scale T SDW ∼ 10K for P ∼ 20kbar -as it can be checked by the direct calculation of the singularity in the SDW response function. [11] The coupling constants and the gap show a more pronounced dip at k ⊥ = ±π/2.
Without the introduction of nesting deviations, T SDW , though steadily decreasing under pressure, will remain finite as long as the interactions themselves remain finite and the nesting of the whole Fermi surface is supposed to be perfect. However, the contraction of the lattice structure under pressure modifies the lattice parameters and the one-electron spectrum, which magnifies deviations from perfect electron-hole symmetry. These deviations are commonly parametrized by the the overlap integral t ⊥2 , allowing electrons to hop to second nearest-neighbor chains. The value of t ⊥2 , though much smaller than t ⊥ , tends to lower the contribution of the Peierls loop that enters in the flow of the scattering amplitudes (4) and then induces a faster decrease of T SDW . Thus the introduction of a finite t ⊥2 (t ⊥2 = t ⊥ /12) in the SDW region with the pressure variation δt ⊥,2 /δP ≈ .15K/kbar, yields a rapid drop of T SDW as shown in Fig.3 . Along this drop, the variation of the interactions and therefore of the dip of the SDW gap k ⊥ = ±π/2 along the Fermi surface are becoming more pronounced. The temperature scale for the instability of the normal state does not reach zero, however, but at some critical value of t c ⊥2 , starts to decrease at a slower rate under pressure (open circles in Fig. 3 ). This comes with a strong modification of the momentum dependence of the couplings g 1,2 (k ⊥ , k ⊥ ) that are involved in the superconducting pairing. [4] These are entirely dominated by a cosine modulation in the k ⊥ k ⊥ plane, which indicates that the instability of the metallic state is no longer in the magnetic channel but rather takes place in the interchain superconducting one as confirmed by a singularity of the corresponding response function. Therefore in this quasi-one dimensional model with bare intrachain couplings, electrons can pair if they move on different stacks producing a singlet gap ∆(k ⊥ ) = ∆ 0 cos k ⊥ with nodes located at k ⊥ = ±π/2, namely coinciding with the location of 'cold' spots found above in the SDW and Mott cases. The superconducting pairing here is induced by spin correlations that interfere constructively with the Cooper channel. As 'pressure' is further increased, the suppression of the electron-hole singularity in the Peierls channel leads to a rapidly decreasing superconducting T C , a feature of the model that is also found experimentally (Fig.1). 
CONCLUSION
The above scaling theory calculations show that the inclusion of half-filling Umklapp scattering in the electron gas model confirm the existence of a crossover between the spin-density-wave and superconducting instabilities under pressure, as was obtained previously by a similar method in the incommensurate case. [4] However, the presence of Umklapp scattering causes another type of instability which is of the Mott type and which dominates the sequence of instabilities particularly in the low pressure range. These relatively simple scaling results therefore unify the hierarchy of scales for the Mott (∼ 100K), SDW (∼ 10K) and SC (∼ 1K) instabilities, consistently with the sequence of states found experimentally.
However, owing to the wide range of electronic behaviors expected in systems of weakly interacting chains, it is still not clear if the results obtained in the present case are universal, in the sense if they are representative of a larger class of models of quasi-one dimensional metals. It would be certainly worthwhile to examine among other things whether the singlet superconductivity is the only possible pairing symmetry for such systems and at what extend it is robust with respect to modifications in the model representation of these materials. We shall return to these matters in greater detail in a future publication.
